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Abstract
By applying a xed point theorem of Yannelis and Prabhakar, a generalized quasi-variational inequality is proved on
a noncompact convex subset of a locally convex Hausdor topological vector space. c© 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction
If X is a set, we shall denote by 2X the family of all nonempty subsets of X . If E is a vector
space and X is a subset of E, we shall denote by co(X ) the convex hull of X . Let E be a topological
vector space. We shall denote by E the continuous dual of E, by hw; xi the pairing between E and
E for w 2 E and x 2 E and by Rehw; xi the real part of hw; xi. Suppose X is a nonempty subset
of E, S :X ! 2X is a set-valued map and T :X ! E is a single-valued map. The quasi-variational
inequality (QVI) problem is to nd a point y^ 2 X such that y^ 2 S(y^) and RehT (y^); y^ − xi60
for all x 2 S(y^). The QVI was rst introduced by Bensousson and Lions in 1973 (see, e.g., [2])
in connection with impulse control. Other work concerning QVI can be found in Mosco [8]. If
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T :X ! 2E is also a set-valued map, then the generalized quasi-variational inequality (GQVI)
problem is
(1) to nd y^ 2 X such that y^ 2 S(y^) and
sup
w2T (y^)
Rehw; y^ − xi60 for all x 2 S(y^) (1.1)
or
(2) to nd y^ 2 X and w^ 2 T (y^) such that y^ 2 S(y^) and
Rehw^; y^ − xi60 for all x 2 S(y^): (1.2)
Inequalities of the type (1.1) or (1.2) are called generalized quasi-variational inequalities. GQVI
was rst introduced by Chan and Pang [3] for E = Rn, and by Shih and Tan [9] for E being any
(innite-dimensional) locally convex space. Other works can be found in Kim [6] and Shih and Tan
[10] and others.
The purpose of this paper is to present a slight improvement of a xed-point theorem of Yannelis
and Prabhakar in 1983 and a generalized quasi-variational inequality for mappings on a noncompact
convex set in a locally convex Hausdor topological vector space.
2. Preliminaries
Denition 2.1. Let X and Y be topological spaces. Then F :X ! 2Y is said to be upper semicon-
tinuous (respectively, lower semicontinuous) if, for each open (respectively, closed) subset U of Y ,
the set fx 2 X : F(x)Ug is open (respectively, closed) in X .
We shall need the following Lemma 1 of Ding et al. [4, p. 206].
Lemma 2.2. Let X be a nonempty compact subset of a topological vector space. Then co(X ) is
-compact and is hence paracompact.
We shall need the following simple fact; for completeness, we shall include its simple proof:
Lemma 2.3. Let E be a locally convex topological vector space and C be a nonempty compact
subset of E. Then co(C) is totally bounded; and hence bounded in E.
Proof. Let U be any open convex neighborhood of 0 in E. Let V be another open convex neighbor-
hood of 0 in E such that V +V U . Since C is compact, there exists a nite subset B=fb1; : : : ; bng
of C such that C B+V . Suppose c1; : : : ; cm 2 C; 1; : : : ; m>0 with Pmi=1 i=1 are given. For each
i = 1; : : : ; m, let bji 2 B and vi 2 V be such that ci = bji + vi. Since V is convex, it follows that
mX
i=1
ici =
mX
i=1
ibji +
mX
i=1
ivi 2 co(B) + V:
Thus co(C) co(B) + V . But co(B) is also compact so that there exists another nite subset D of
co(B) such that co(B)D + V . Hence
co(C) co(B) + V D + V + V D + U:
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Therefore co(C) is totally bounded in E.
Let E be a topological vector space. For each nonempty bounded subset A of E and > 0, let
U (A; ) =

f 2 E: sup
x2A
jf(x)j<

:
Let B= fU (A; ): A is a nonempty bounded subset of E and > 0g. Let (E; E) be the topology
on E generated by B as a base for the neighborhood system at 0. Then (E; E) is called the
strong topology on E.
Lemma 2.4. Let E be a topological vector space; E be the dual of E equipped with the strong
topology; X be a nonempty bounded subset of E and T :X ! 2E be upper semicontinuous such
that (a) T (x) is closed for each x 2 X and (b) T (X ) is contained in a (strongly) compact subset
of E. Dene f :X  X ! R by f(x; y) = inf w2T (y) Rehw; y − xi; for all x; y 2 X; then f is lower
semicontinuous on X  X .
Proof. Let  2 R be arbitrarily given and set A:=f(x; y) 2 X  X : f(x; y)6g. Let f(x; y)g2 
be a net in A such that (x; y)! (x0; y0) 2 X  X . Let > 0 be arbitrarily given. Then for each
 2  , there exists w 2 T (y) such that Rehw; y − xi6f(x; y) + 6 + . Since fwg2  is a
net in T (X ) which is contained in a strongly compact subset of E, there is a subnet fw0g02 0 of
fwg2  and there is a point w0 2 E such that w0 ! w0 in the strong topology. Since T is upper
semicontinuous from relative topology on X to the strong topology on E and each T (x) is strongly
closed, w0 2 T (y0). Since X is bounded,
f(x0; y0) = inf
w2T (y0)
Rehw; y0 − x0i
6Rehw0; y0 − x0i
= lim
0
Rehw0 ; y0 − x0i6+ :
Since > 0 is arbitrary, f(x0; y0)6 so that (x0; y0) 2 A. Hence A is closed in X  X . Therefore
f is lower semicontinuous on X  X .
The following is Theorem 1.2.4 of Aubin and Cellina in [1, p. 51].
Lemma 2.5. Let X and Y be topological spaces; W :X Y ! R be lower semicontinuous; G :Y !
2X be lower semicontinuous at y0 2 Y . Then V :Y ! R[f+1g; dened by V (y)=supx2S(y)W (x; y)
for each y 2 Y; is lower semicontinuous at y0.
The statement of the following result below was due to Takahashi [11, Lemma 3, p. 177]; a
complete proof was given by Shih and Tan in [10, Lemma 3, pp. 71{72].
Lemma 2.6. Let X; Y be topological spaces; let f :X ! R be nonnegative and continuous; and let
g :Y ! R be lower semicontinuous. Then the map F :X  Y ! R; dened by F(x; y) = f(x)g(y)
for all (x; y) 2 X  Y; is lower semicontinuous.
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The following is Theorem 3:2 of Yannelis and Prabhakar in [12, p. 236].
Lemma 2.7. Let X be a nonempty paracompact convex subset of a locally convex Hausdor
topological vector space; C be a nonempty compact subset of X and F :X ! 2C be such that
(a) F(y) is convex for each y 2 X and (b) F−1(x) = fx 2 X : y 2 F(x)g is open in X for each
x 2 C. Then there exists x^ 2 X such that x^ 2 F(x^).
In view of Lemma 2.2, we see that Lemma 2.7 (i.e., Theorem 3:2 in [12]) can be slightly improved
by removing the assumption that X be paracompact:
Lemma 2.8. Let X be a nonempty convex subset of a locally convex Hausdor topological vector
space; C be a nonempty compact subset of X and F :X ! 2C be such that (a) F(y) is convex
for each y 2 X and (b) F−1(x) is open in X for each x 2 C. Then there exists x^ 2 X such that
x^ 2 F(x^).
Proof. The set co(C) is nonempty and paracompact by Lemma 2.2. By Lemma 2.7 (i.e., Theorem 3:2
in [12]), the conclusion follows.
3. Main results
We shall now prove a generalized quasi-variational inequality on noncompact domain as follows.
Theorem 3.1. Let E be a locally convex Hausdor topological vector space; X be a nonempty
convex subset of E and C be a nonempty compact subset of X. Let S :X ! 2C be upper semi-
continuous such that (a) for each x 2 X; S(x) is closed convex and (b) for each y 2 C; S−1(y)
is open in X. Let T :X ! 2E be upper semicontinuous from relative topology on X to the strong
topology on E such that for each x 2 X; T (x) is strongly compact and convex. Then there exist
y^ 2 X and w^ 2 T (y^) such that
(i) y^ 2 S(y^) and
(ii) Rehw^; y^ − xi60 for all x 2 S(y^).
Proof. By replacing X with co(C), we may assume, without loss of generality, that X is paracompact
(by Lemma 2.2) and bounded (by Lemma 2.3).
By Lemma 2.4, the function (x; y)! inf w2T (y) Rehw; y− xi for x; y 2 X is lower semicontinuous
on X  X . It follows from Lemma 2.5 that the function  :X ! R dened by
(y) = sup
x2S(y)
inf
w2T (y)
Rehw; y − xi for y 2 X
is also lower semicontinuous on X . Thus the set V (p0) = fy 2 X : (y)> 0g is open in X .
We shall continue the proof in two steps:
Step 1: There exists a point y^ 2 S such that y^ 2 S(y^) and (y^)60.
Suppose the assertion were false. Then for each y2X , either y 62 S(y) or (y)> 0. If (y)> 0,
then y2V (p0). If y 62 S(y), then since S(y) is compact convex, by Hahn{Banach separation theorem,
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there exists p2E with Rehp; yi − supx2S(y) Rehp; xi> 0 so that y2V (p):=fz 2X : Rehp; zi −
supx2S(z) Rehp; xi> 0g. Since S is upper semicontinuous, V (p) is open in X for each p2E. Thus
V:=fV0g[fV (p): p2Eg is an open cover of X . Since X is paracompact, by [5, Theorem VIII.1.4,
p. 162], V has an open precise neighborhood-nite renement V0:=fV 0(p0)g[fV 0(p): p2Eg. Let
f0g [ fp: p2Eg be a continuous partition of unity on X subordinated by V0; i.e., 0; p :X !
[0; 1] are continuous for each p2E such that (a) for each x2X , there is an open neighborhood
Nx of x in X and there is a nite subset A of E such that p(x0) = 0 for all x0 2Nx and for all
p2E n A, (b) for each y2X; 0(y) +Pp2E p(y) = 1 and (c) for each x 2 X , if 0(x)> 0, then
x 2 V 0(p0) and if p(x)> 0 for p 2 E, then x 2 V 0(p).
Now dene F :X ! 2C [ f;g by
F(y) =
8<
:x 2 S(y): 0(y) infw2T (y) Rehw; y − xi+
X
p2E
p(y)Rehp; y − xi> 0
9=
;
for each y 2 X . Since S(y)C for each y 2 X , F(y)C for each y 2 X so that F is well
dened. We shall now show that F(y) 6= ; for all y2X . Suppose the contrary that F(y^) = ; for
some y^2X . Then
0(y^) inf
w2T (y^)
Rehw; y^ − xi+
X
p2E
p(y^)Rehp; y^ − xi60 for all x 2 S(y^): ()
If (y^)> 0, choose any x^2 S(y^) with inf w2T (y^) Rehw; y^ − x^i>(y^)=2; if (y^)60, simply choose
any x^ 2 S(y^).
Now if 0(y^)> 0, then y^ 2 V 0(p0)V (p0) so that inf w2T (y^) Rehw; y^ − x^i>(y^)=2> 0 and
hence 0(y^)inf w2T (y^) Rehw; y^ − x^i> 0. If p 2 E and p(y^)> 0, then p 2 V 0(p)V (p) so that
Rehp; y^i − supx2S(y^) Rehp; xi> 0; it follows that Rehp; y^i>supx2S(y^) Rehp; xi>Rehp; x^i which im-
plies Rehp; y^ − x^i> 0 and hence p(y^)Rehp; y^ − x^i> 0. Therefore 0(y^)inf w2T (y^) Rehw; y^ − x^i +P
p2E p(y^)Rehp; y^ − x^i> 0 which contradicts () as x^ 2 S(y^). This shows that F(y) 6= ; for all
y 2 X . Hence F :X ! 2C .
Next we shall show that F(y) is convex for each y 2 X . Indeed, suppose y 2 X is given and
let x1; x2 2 F(y) and 1; 2>0 with 1 + 2 = 1. Then x1; x2 2 S(y) so that 1x1 + 2x2 2 S(y) since
S(y) is convex. Since for each i = 1; 2, 0(y)inf w2T (y) Rehw; y − xii+Pp2E p(y)hp; y − xii> 0,
0(y) inf
w2T (y)
Rehw; y − (1x1 + 2x2)i+
X
p2E
p(y)Rehp; y − (1x1 + 2x2)i
>10(y) inf
w2T (y)
Rehw; y − x1i+ 20(y) inf
w2T (y)
Rehw; y − x2i
+ 1
X
p2E
p(y)Rehp; y − x1i+ 2
X
p2E
p(y)Rehp; y − x2i
= 1
8<
:0(y) infw2T (y) Rehw; y − x1i+
X
p2E
p(y)Rehp; y − x1i
9=
;
+ 2
8<
:0(y) infw2T (y) Rehw; y − x2i+
X
p2E
p(y)Rehp; y − x2i
9=
;
> 0:
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Thus 1x1 + 2x2 2 F(y). Hence F(y) is convex for each y 2 X .
Finally, we shall show that for each x 2 C, F−1(x) is open in X . Dene f :X  X ! R by
f(x; y) = 0(y) inf
w2T (y)
Rehw; y − xi+
X
p2E
p(y)Rehp; y − xi for all x; y 2 X:
Note that (x; y) ! Pp2E p(y)Rehp; y − xi is continuous on X  X . Moreover, by Lemma 2.4,
(x; y) ! inf w2T (y) Rehw; y − xi is lower semicontinuous and (x; y) ! 0(y) is continuous and
nonnegative, it follows from Lemma 2.6 that f is lower semicontinuous. Thus for each x 2 C,
F−1(x) = fy 2 X : x 2 F(y)g
= fy 2 X : x 2 S(y) and f(x; y)> 0g
= S−1(x) \ fy 2 X : f(x; y)> 0g
is open in X .
By Lemma 2.7 (i.e., Theorem 3:2 in [12]), there exists x^ 2 X such that x^ 2 F(x^). Thus
0<0(x^) inf
w2T (x^)
Rehw; x^ − x^i+
X
p2E
p(x^)Rehp; x^ − x^i= 0
which is a contradiction. This proves Step 1.
Step 2: There exists a point w^ 2 T (y^) such that Rehw^; y^ − xi60 for all x 2 S(y^).
Indeed, dene g : S(y^) T (y^)! R by
g(x; z):=Rehz; y^ − xi for all (x; z) 2 S(y^) T (y^):
Note that (a) for each xed x 2 S(y^), z ! g(x; z) is ane and continuous on T (y^) equipped with
the relative strong topology, and (b) for each z 2 T (y^), x ! g(x; z) is ane. Thus by Kneser's
minimax theorem [7], we have
min
z2T (y^)
max
x2S(y^)
g(x; z) = max
x2S(y^)
min
z2T (y^)
g(x; z):
Thus
min
z2T (y^)
max
x2S(y^)
Rehz; y^ − xi60 by Step 1:
Since T (y^) is compact, there exists w^ 2 T (y^) such that
Rehw^; y^ − xi60 for all x 2 S(y^):
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